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FINITE-GAP MINIMAL LAGRANGIAN SURFACES IN CP 2
A.E. MIRONOV
Abstract. In this paper we suggest a method for constructing minimal Lagrangian
immersions of R2 in CP 2 with induced diagonal metric in terms of Baker–Akhiezer
functions of algebraic curves.
Introduction
We propose new approach for constructing minimal Lagrangian (ML) surfaces in CP 2
in terms of Baker–Akhiezer functions of algebraic curves. This approach is based on the
work [1].
It is well known that if we choose the conformal coordinates on a ML-torus in CP 2
with the induced metric ds2 = ev(x,y)(dx2 + dy2), then the function v(x, y) satisfies the
Tzitzeica equation (see [2]). This equation allows the Lax representation with a spectral
parameter, which was found by Mikhailov [3]. Sharipov [4], using the Lax representation,
constructed the finite-gap solutions of the Tzitzeica equation, and the solutions expressed
in terms of the theta-functions of the trigonal spectral curves, which allow the holomor-
phic involution. The existence of periodic solutions among quasiperiodic solutions is
shown in [5].
In fact, the conformal coordinates are not always suitable for the description of ML-
tori in CP 2. To confirm this, let us consider the following example. Let K denote a cone
in R3, defined by the equation
mu21 + nu
2
2 = (m+ n)u
2
3,
where m,n ∈ Z,m, n > 0. Let K˜ denote the intersection of K with the unit sphere
u21 + u
2
2 + u
2
3 = 1.
We construct the mapping ψ from K˜ × S1 in CP 2 as a composition ψ = H ◦ ϕ˜, where
ϕ˜ : K˜ × S1 → S5, ϕ˜(P ) = (u1epiimy, u2epiiny, u3epii(m+n)y),
H — Hopf projection H : S5 → CP 2, P ∈ K˜ × S1, y is a coordinate on S1.
The image of ψ is ML-torus if the involution
(v1, v2)→ (v1 cos(npi), v2 cos(mpi))
preserve the orientation of the ellipse
mv21 + nv
2
2 = m+ n
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and ML-Klein bottle if it doesn’t (see [6],[7]). This surface can be defined as an image
of the composition H ◦ ϕ, where ϕ : R2 → S5,
ϕ(x, y) =
(
sin(x)
√
m+ n√
2m+ n
epiimy,
cos(x)
√
m+ n√
m+ 2n
epiiny,
√
n cos2(x)
m+ 2n
+
m sin2(x)
2m+ n
e−pii(m+n)y

(probably these tori coincide with the tori from [8], where these tori are described in
conformal coordinates). In coordinates x, y the induced metric has a diagonal form
ds2 = 2ev1dx2 + 2ev2dy2,
and one can ascertain that v1 6= v2. Thus, on the one hand ML-tori correspond to the
periodic solutions of the Tzitzeica equation (all of these solutions can be expressed in
terms of the theta-function of the spectral curves), and on the other hand this example
demonstrates that there exist coordinates x, y, in which the metric is diagonal and which
are more suitable for the description of this ML-torus, as in these coordinates the tori
are described in elementary functions.
In this paper we construct ML-mapping of the plane in CP 2 (with induced diagonal
metric) by the spectral data, which are easier than spectral data for the solution of the
Tzitzeica equation. We construct such mapping by the real algebraic curve, which allows
a holomorphic involution. Specifically, we do not require the spectral curve to be trigonal
(as for the solutions of the Tzitzeica equation).
The main difference of our method from the method of [4] consists in the following. We
do not use the Lax representation with a spectral parameter of the Tzitzeica equation.
Instead of this we construct the explicit mapping
ϕ : R2 → S5 ⊂ C3,
which satisfies the equations
< ϕ,ϕx >=< ϕ,ϕy >=< ϕx, ϕy >= 0, (1)
where < ., . > — Hermitian product in C3. A composition of the mappings ϕ ◦ H gives
a Lagrangian mapping of the plane in CP 2. By means of the corollary 1 we obtain the
minimal mappings.
Note that in this paper we do not discuss the problem of existence of the smooth
periodic solutions. As the spectral curve is hyperelliptic, the methods of the paper [9]
can be used to prove the existence of the periodic solutions.
In section 1 we get the equations of ML-mapping of a plane in CP 2 with diagonal
metric. In section 2 we remind the definition of the Baker–Akhiezer function. In sec-
tion 3 we prove the main theorem (Theorem 2) and give the example of ML-sphere,
corresponding to the reducible rational spectral curve.
1. Equations of Lagrangian surfaces with the diagonal metric
Let we introduce the following notations
|ϕx|2 = 2ev1(x,y), |ϕy|2 = 2ev2(x,y).
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Then from (1) it follows, that the matrix
Φ˜ =
(
ϕ,
1√
2
e−
v1
2 ϕx,
1√
2
e−
v2
2 ϕy
)⊤
belongs to the group U(3). A Lagrangian angle β(x, y) is a function defined from the
equality
eiβ(x,y) = detΦ˜.
The Lagrangian angle defines the mean curvature vector H of the Lagrangian surface
H = J∇β,
where J is the complex structure on CP 2. Consequently, if β = const, then the surface
is minimal.
From the definition of the Lagrangian angle we get
Φ =
 ϕ
1 ϕ2 ϕ3
1√
2
e−
v1
2 −iβ2 ϕ1x
1√
2
e−
v1
2 −iβ2 ϕ2x
1√
2
e−
v1
2 −iβ2 ϕ3x
1√
2
e−
v2
2 −iβ2 ϕ1y
1√
2
e−
v2
2 −iβ2 ϕ2y
1√
2
e−
v2
2 −iβ2 ϕ3y
 ∈ SU(3).
The matrix Φ satisfies the equations
Φx = AΦ, Φy = BΦ, (2)
where matrices A,B ∈ su(3) have the form
A =
 0
√
2e
v1
2 +i
β
2 0
−√2e v12 −i β2 if 12e
v1
2 −
v2
2 (2ih− v1y + iβy)
0 12e
v1
2 −
v2
2 (2ih+ v1y + iβy) −if
 ,
B =
 0 0
√
2e
v2
2 +i
β
2
0 ih 12e
v2
2 −
v1
2 (iβx − 2if + v2x)
−√2e v22 −iβ2 12e
v2
2 −
v1
2 (iβx − 2if − v2x) −ih
 ,
f(x, y) and h(x, y) being some real functions. The equations (2) implies the following
equations
ϕxx = Γ
1
11ϕx + Γ
2
11ϕy + b11ϕ,
ϕxy = Γ
1
12ϕx + Γ
2
12ϕy + b12ϕ,
ϕyy = Γ
1
22ϕx + Γ
2
22ϕy + b22ϕ,
where
Γ111 =
1
2
(2if + v1x + iβx), Γ
2
11 =
1
2
ev1−v2(2ih− v1y + iβy),
Γ112 =
1
2
(2ih+ v1y + iβy), Γ
2
12 =
1
2
(−2if + v2x + iβx),
Γ122 =
1
2
ev2−v1(−2if − v2x + iβx), Γ222 =
1
2
(−2ih+ v2y + iβy),
b11 = −2ev1 , b12 = 0, b22 = −2ev2.
From this it follows the key lemma of our construction.
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Lemma 1. The following equalities hold:
Γ111 + Γ
2
12 =
1
2
(v1x + v2x) + iβx,
Γ112 + Γ
2
22 =
1
2
(v1y + v2y ) + iβy.
From lemma 1 we get
Corollary 1. If
Im(Γ111 + Γ
2
12) = Im(Γ
1
12 + Γ
2
22) = 0,
then the surface is minimal.
The corollary 1 gives us the condition for surface to be minimal in a diagonal metric.
2. Baker–Akhiezer function
In this paragraph we remind the definition of two-point Baker–Akhiezer function. By
means of this function we construct ML-mapping of the plane in CP 2.
Let Γ be a Riemann surface of genus g (actually the following construction can be
generalized on singular algebraic curves over C). Suppose that the divisor
γ = γ1 + · · ·+ γg,
is given on Γ, r, P1, P2 ∈ Γ are fixed points, and k−11 , k−12 are local parameters in
the neighborhoods of the points P1 and P2. The two-point Baker–Akhiezer function,
corresponding to the spectral data
{Γ, P1, P2, k1, k2, γ, r},
is a function ψ(x, y, P ), P ∈ Γ, with the following characteristics:
1) in the neighborhoods of P1 and P2 the function ψ has essential singularities of the
following form:
ψ = eik1x
(
f1(x, y) +
g1(x, y)
ik1
+
h1(x, y)
k21
+ . . .
)
,
ψ = eik2y
(
f2(x, y) +
g2(x, y)
ik2
+
h2(x, y)
k22
+ . . .
)
.
2) on Γ\{P1, P2} the function ψ is meromorphic with simple poles on γ.
3) ψ(x, y, r) = d, d ∈ C.
For the spectral data in general position there is unique Baker–Akhiezer function.
Let us express the Baker–Akhiezer function explicitly in terms of theta function of the
surface Γ.
On the surface Γ, choose a basis of cycles
a1, . . . , ag, b1, . . . , bg
with the following intersections indices:
ai ◦ aj = bi ◦ bj = 0, ai ◦ bj = δij .
By ω1, . . . , ωg we denote a basis of holomorphic differentials on Γ that are normalized by
the conditions ∫
aj
ωi = δij .
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Denote the matrix of b-periods of the differentials ωj with the components
Bij =
∫
bi
ωj
by B. This matrix is symetric and has a positive definite imaginary part.
The Riemann theta function is defined by the absolutely converging series
θ(z) =
∑
m∈Z
epii(Bm,m)+2pii(m,z), z = (z1, . . . , zg) ∈ Cg.
The theta function has the following characeristics:
θ(z +m) = θ(z), m ∈ Z,
θ(z +Bm) = exp(−pii(Bm,m)− 2pii(m, z))θ(z), m ∈ Z.
Let X denote the Jacobi variety of the surface Γ:
X = Cg/{Zg +BZg}.
Let A : Γ→ X be an Abel map defined by the formula
A(P ) =
(∫ P
q0
ω1, . . . ,
∫ P
q0
ωg
)
, P ∈ Γ,
q0 ∈ Γ being a fixed point.
For points γ1, . . . , γg in general position, according to the Riemann theorem, the func-
tion
θ(z +A(P )),
where z = K − A(γ1) − · · · − A(γg), has exacly g zeros γ1, . . . , γg on Γ, K is the vector
of Riemann constants.
Let Ω1 and Ω2 denote meromorphic differentials on Γ with simple poles only at the
points P1 and P2, respectively, and normalized by the conditions∫
aj
Ω1 =
∫
aj
Ω2 = 0, j = 1, . . . , g.
Let U and V denote their vectors of b-periods:
U =
(∫
b1
Ω1, . . . ,
∫
bg
Ω1
)
, V =
(∫
b1
Ω2, . . . ,
∫
bg
Ω2
)
.
Let ψ˜ denote the function
ψ˜(x, y, P ) =
θ(A(P ) + xU + yV + z)
θ(A(P ) + z)
exp(2piix
∫ P
q0
Ω1 + 2piiy
∫ P
P1
Ω2).
Then the Baker–Akhiezer function has the form:
ψ(x, y, P ) =
ψ˜(x, y, P )
ψ˜(x, y, r)
d.
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3. Main theorem
Let ϕ1, ϕ2, ϕ3 denote the following functions:
ϕi = αiψ(x, y,Qi),
where Q1, Q2, Q3 ∈ Γ is an additional set of points and αi are some constants.
In the following paragraph (theorem 1) we find restrictions of the spectral data for the
vector valued function ϕ = (ϕ1, ϕ2, ϕ3) to define a Lagrangian immersion of the plane
R2 in CP 2. The spectral data in theorem 1 is a modification of the spectral data for
n-orthogonal curvilinear coordinate system in R3 [10].
3.1. Lagrangian immersions. Suppose that the surface Γ has an antiholomorphic in-
volution µ
µ : Γ→ Γ,
for which the points P1, P2 and r are fixed and
ki(µ(P )) = k¯i(P ).
The following theorem holds:
Theorem 1. Let Qi be fixed points of the antiholomorphic involution µ. Suppose that
on Γ there exists a meromorpic 1-form Ω with the following set of divisors of zeros and
poles:
(Ω)0 = γ + µγ + P1 + P2,
(Ω)∞ = Q1 +Q2 +Q3 + r.
Then the functions ϕi satisfy the equations
ϕ1ϕ¯1A1 + ϕ
2ϕ¯2A2 + ϕ
3ϕ¯3A3 + |d|2ResrΩ = 0,
ϕ1ϕ¯1xA1 + ϕ
2ϕ¯2xA2 + ϕ
3ϕ¯3xA3 = 0,
ϕ1ϕ¯1yA1 + ϕ
2ϕ¯2yA2 + ϕ
3ϕ¯3yA3 = 0,
ϕ1xϕ¯
1
yA1 + ϕ
2
xϕ¯
2
yA2 + ϕ
3
xϕ¯
3
yA3 = 0,
ϕ1xϕ¯
1
xA1 + ϕ
2
xϕ¯
2
xA2 + ϕ
3
xϕ¯
3
xA3 + |f1|2c1 = 0, (4)
ϕ1yϕ¯
1
yA1 + ϕ
2
yϕ¯
2
yA2 + ϕ
3
yϕ¯
3
yA3 + |f2|2c2 = 0, (5)
where Ak =
ResQkΩ
|αk|2 , k = 1, 2, 3, c1, c2 are the coefficients of the form Ω in the neighbor-
hood of the points P1 and P2:
Ω = (c1w1 + aw
2
1 + . . . )dw1, w1 = 1/k1,
Ω = (c2w2 + bw
2
2 + . . . )dw2, w2 = 1/k2.
The theorem 1 implies
Corollary 2. If ResQiΩ > 0, then for
αi =
√
ResQiΩ, d =
√ −1
ResrΩ
,
the following equalities hold:
< ϕ,ϕ >= 1, < ϕ, ϕx >=< ϕ,ϕy >=< ϕx, ϕy >= 0,
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i.e. the mapping H ◦ ϕ : R2 → CP 2 is Lagrangian, with the induced metric on Σ having
a diagonal form
ds2 = |f1|2|c1|dx2 + |f2|2|c2|dy2.
Further we assume that ResQiΩ > 0 and f1 6= 0, f2 6= 0.
Proof of Theorem 1. Consider the 1-form Ω1 = ψ(P )ψ(µ(P ))Ω. By virtue of
the definition of the involution µ, the function ψ(µ(P )) has the following form in the
neighborhoods of the points P1 and P2:
ψ(µ(P )) = e−ik1x
(
f¯1(x, y)− g¯1(x, y)
ik1
+
h¯1(x, y)
k21
+ . . .
)
,
ψ(µ(P )) = e−ik2y
(
f¯2(x, y)− g¯2(x, y)
ik2
+
h¯2(x, y)
k22
+ . . .
)
.
Consequently, the form Ω1 has no essential singularities at the points P1 and P2. The
simple poles γ + µγ of the function ψ(P )ψ(µP ) cancel out the zeros of the form Ω at
these points. Thus, the form Ω1 has only simple poles at the points Q1, Q2, Q3 and r
with the residues equal to
ψ(Q1)ψ(Q1)ResQ1Ω = ϕ
1ϕ¯1A1, ϕ
2ϕ¯2A2, ϕ
3ϕ¯3A3, |d|2ResrΩ.
Consequently, the sum of these residues is equal to zero, and this proves the first equality
of the theorem 1.
The form ψ(P )ψ(µ(P ))xΩ has no essential singularities at the points P1 and P2 either.
This form has only simple poles at the points Q1, Q2 and Q3 with the residues equal to
ϕ1ϕ¯1xA1, ϕ
2ϕ¯2xA2, ϕ
3ϕ¯3xA3.
The second equality is proven. The proof of the next two equalities is analogous. It is
based on the analysis of the forms
ψ(P )ψ(µ(P ))yΩ, ψ(P )xψ(µ(P ))yΩ,
which also have only simple poles at the points Q1, Q2 Q3.
In order to prove the last two equalities (4) and (5), consider the forms
ψ(P )xψ(µ(P ))xΩ, ψ(P )yψ(µ(P ))yΩ.
These forms have simple poles at the points Q1, Q2, Q3, P1 and Q1, Q2, Q3, P2 with the
residues
ϕ1xϕ¯
1
xA1, ϕ
2
xϕ¯
2
xA2, ϕ
3
xϕ¯
3
xA3, |f1|2c1
and
ϕ1yϕ¯
1
yA1, ϕ
2
yϕ¯
2
yA2, ϕ
3
yϕ¯
3
yA3, |f2|2c2.
Theorem 1 is proven.
3.2. Minimal Lagrangian immersions. In this subsection we find spectral data such
that the mapping ϕ, constructed in the previous subsection is minimal.
Suppose that the curve Γ has the holomorphic involution
σ : Γ→ Γ.
Let τ denote the composition µ ◦ σ. The following lemma holds.
8 A.E. MIRONOV
Lemma 2. Suppose that the reality conditions fulfilled
µ(γ) = γ, µ(r) = r, d ∈ R.
Then
ψ(x, y, τ(P )) = ψ(x, y, P ).
To prove this standard lemma, it is sufficient to note, that the function ψ(x, y, τ(P ))
satisfies conditions 1)–3) in the definition of the Baker–Akhiezer function as the function
ψ(x, y, P ), consequently, the functions ψ(x, y, τ(P )) and ψ(x, y, P ) coincide.
Below we assume that the conditions of Lemma 2 are fulfilled. In particular, this
means that
µ(γ) = σ(γ), µ(r) = σ(r),
and that the functions fi, gi, which participate in the decomposition of ψ in the neigh-
borhoods of the points P1 and P2 are real.
Consider three functions
F11(x, y, P ) = ∂
2
xψ + Γ
1
11(x, y)∂xψ + Γ
2
11(x, y)∂yψ + b11(x, y)ψ,
F12(x, y, P ) = ∂x∂yψ + Γ
1
12(x, y)∂xψ + Γ
2
12(x, y)∂yψ + b12(x, y)ψ,
F22(x, y, P ) = ∂
2
yψ + Γ
1
22(x, y)∂xψ + Γ
2
22(x, y)∂yψ + b22(x, y)ψ.
Choose functions Γkij(x, y) and bij(x, y) such that
F11(x, y,Qi) = F12(x, y,Qi) = F22(x, y,Qi) = 0, i = 1, 2, 3.
The following lemma holds
Lemma 3. The following equalities hold:
Γ111(x, y) = −
ia
c1
− f1x
f1
,
Γ112(x, y) = −
f1y
f1
, Γ212(x, y) = −
f2x
f2
,
Γ222(x, y) = −
ib
c2
− f2y
f2
.
Proof of lemma 3. Consider the form
ω = F11(P )ψ(σ(P ))xΩ.
The form ω has no essential singularities at the points P1 and P2. The form ω has only
a pole of the second order at P1
ResP1ω = f1((ia+ c1Γ
1
11)f1 + c1f1x) = 0.
This yields the formula for Γ111. Similarly to find other coefficients it is necessary to
consider the forms
F12(P )ψ(σ(P ))xΩ, F12(P )ψ(σ(P ))yΩ, F22(P )ψ(σ(P ))yΩ.
Lemma 3 is proven.
This lemma implies
Γ111 + Γ
2
12 = −
ia
c1
− f1x
f1
− f2x
f2
,
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Γ112 + Γ
2
22 = −
ib
c2
− f1y
f1
− f2y
f2
.
Suppose that a = b = 0. Then as f1 and f2 are real functions, so by Corollary 1 the
surface is minimal. Thus the main theorem holds
Theorem 2. Suppose that the spectral curve Γ has the antiholomorphic involution
µ : Γ→ Γ
with fixed points Q1, Q2, Q3, P1, P2 r and meromorfic 1-form Ω with the following divisors
of zeros and poles
(Ω)0 = γ + µγ + P1 + P2, (Ω)∞ = Q1 +Q2 +Q3 + r,
and ResQiΩ > 0. Then the mapping H ◦ ϕ, where ϕ = (ϕ1, ϕ2, ϕ3) gives Lagrangian
mapping of the plane in CP 2.
Besides let the spectral curve Γ has the holomorphic involution
σ : Γ→ Γ
such that
µ(γ) = σ(γ), τ(r) = r
and d ∈ R and suppose, that the form Ω has the following decomposition in the neighbor-
hood of the points P1 P2
Ω = (c1w1 + d1w
3
1 + . . . )dw1, w1 = 1/k1, (6)
Ω = (c2w2 + d2w
3
2 + . . . )dw2, w2 = 1/k2, (7)
then the mapping is minimal.
3.3. Examples. In this paragraph we demonstrate the example of theorem 2, when the
spectral curve Γ is reducible and consists of irreducible components Γi, which are isomor-
phic CP 1. In this case the theorem 2 is also valid, but in definition of Baker–Akhiezer
function the genus need to be changed on arithmetical genus, and in the formulation
of theorem 2 the differential need to be changed on the differential, which satisfies the
condition of regularity at the points of intersection of different components.
The regular differential on Γ is defined by meromorphic 1-forms Ωj on Γj with simple
poles. The poles of the forms Ωj are allowed just in the points of components’ intersec-
tions. And the conditions of regularity must be fulfilled: if the curves Γi and Γj intersect
at the point P , then
ResPΩ1 +ResPΩ2 = 0.
The arithmetical genus of the curve Γ is called the dimension of the space of the regular
differentials. A number of poles γi in the definition of Baker–Akhiezer function must
coincide with the arithmetical genus of the curve Γ (see [11]).
Let the curve Γ consists of two components Γ1 and Γ2, which intersect at two points.
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Γ1 Γ2
r rr
r
r
r
r
r
P1
Q1 Q2
Q3
rP2
a
−a
b
−b
Figure 1.
Let z1 be a coordinate on the first component, z2 be a coordinate on the second
component. Suppose that, the points of the intersection on the first component have
coordinates a,−a ∈ R, and on the second b,−b ∈ R. Let
P1 =∞ ∈ Γ1, P2 =∞ ∈ Γ2, r = 0 ∈ Γ1,
Q1, Q2, Q3 ∈ Γ2, Qi ∈ R, γ ∈ Γ2, γ = iΓ ∈ iR.
The curve Γ has the holomorphic involution
σ : Γ→ Γ, σ(z1) = −z1, σ(z2) = −z2.
and antiholomorphic involution
µ : Γ→ Γ, µ(z1) = z¯1, µ(z2) = z¯2.
Baker–Akhiezer function ψ on Γ is defined by the functions ψ1 and ψ2 on the components
Γ1 and Γ2
ψ1 = e
ixz1f1(x, y), ψ2 = e
iyz2
(
f2(x, y) +
g2(x, y)
z2 − γ
)
.
The functions f1, f2 and g are found from the consistency conditions
ψ1(x, y, a) = ψ2(x, y, b), ψ1(x, y,−a) = ψ2(x, y,−b),
and normalization condition
ψ1(x, y, 0) = d.
Hence
f1 = d, f2 =
de−i(ax+by)
2b
(b(e2iax + e2iby) + γ(−e2iax + e2iby)),
g2 =
de−i(ax+by)
2b
(e2iax + e2iby)(b2 − γ2).
The meromorphic form Ω is defined by the forms
Ω1 =
dz1
z1(z21 − a2)
, Ω2 =
c1(z
2
2 − γ2)dz2
(z2 −Q1)(z2 −Q2)(z −Q3)(z22 − b2)
,
therefore
d =
√
1
|Res0Ω1| = a.
Since
ResaΩ1 +ResbΩ2 = 0, Res−aΩ1 +Res−bΩ2 = 0
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we get
c1 = −b(b−Q1)(b −Q2)(b−Q3)
a2(b2 − γ2) ,
Q3 = −b
2(Q1 +Q2)
b2 +Q1Q2
.
From the condition that the form Ω has a expansions (6) and (7) in the neighborhoods
P1 and P2 we get Q2 = Q1. Hence the components of the mapping ϕ have the form
ϕ1 = α1F2(Q1) =
α1ae
−i(ax+(b−Q1)y)(e2iax(b+Q1)(b − iΓ)− e2iby(b −Q1)(b + iΓ))
2b(Q1 − iΓ) ,
ϕ2 = α2F2(Q2) =
α2ae
−i(ax+(b+Q1)y)(e2iax(b −Q1)(b − iΓ)− e2iby(b+Q1)(b + iΓ))
2b(−Q1 − iΓ) ,
ϕ3 = α2F2(Q3) = α3ae
−i(ax+ b(b+Q1)(b+Q2)
b2+Q1Q1
y)×
(−be2iax(b −Q1)(b −Q2)(b − iΓ) + be2iby(b+Q1)(b +Q2)(b+ iΓ))
2(b3(Q1 +Q2 + iΓ) + ibQ1Q2Γ)
,
where
α1 =
√
ResQ1Ω2 =
√
b2(Q21 + Γ
2)
2a2Q21(b
2 + Γ2)
,
α2 =
√
ResQ2Ω2 =
√
b2(Q21 + Γ
2)
2a2Q21(b
2 + Γ2)
,
α3 =
√
ResQ3Ω2 =
√
Γ2(Q21 − b2)
a2Q21(b
2 + Γ2)
.
For a = b = 1, Q1 = 2, γ = i we get
ϕ1 =
(1 + 3i)
8
√
5
e−i(x−y)(−3ie2ix + e2iy),
ϕ2 =
e−i(x+3y)
8
√
5
((1− 3i)e2ix + (9 + 3i)e2iy),
ϕ3 =
1
2
√
1
2
(cos(x − y)− sin(x− y)),
and meanwhile
e2iβ = −1.
Induced metric on the image has the form
ds2 = dx2 +
3
2
(1 + sin(2(x− y)))dy2.
The Gaussian curvature of the surface is equal to 1. Hence the image of the mapping is
sphere.
12 A.E. MIRONOV
Acknowledgments
The author thanks the organizers for the hospitality during the 16th Osaka City
University International Academic Symposium 2008 ”Riemann Surfaces, Harmonic Maps
and Visualization” where the work on this paper was initiated.
References
[1] A.E. Mironov. Spectral data for Hamiltonian-minimal Lagrangian tori in CP 2 // Proceedings of
the Steklov Institute of Math. 2008. V. 263. P. 112–126
[2] H Ma, J. Ma. Totally Real Minimal Tori in CP 2 // Math. Z. 2005. V. 249. P. 241-267.
[3] A.V. Mikhailov. The reduction problem and the scatering method // Physica 3D. 1981. N. 1. P.
73–117.
[4] R.A. Sharipov. Minimal tori in the five-dimensional sphere in C3 // Theor. Math. Phys. 1991. V.
87. N. 1. P. 48–56.
[5] E. Carberry, I. McIntosh. Minimal Lagrangian 2-tori in CP 2 come in real families of every dimention
// J. London Math. Soc. 2004. V. 69. P. 531–544.
[6] A.E. Mironov. On new examples of Hamiltonian-minimal and minimal Lagrangian submanifolds in
Cn and CPn // Sb. Math. 2004. V. 195. N.1. P. 85–96.
[7] D. Joyce. Special Lagrangian m-folds in Cm with symmetries // Duke Math. J. 2002. V. 115. P.
1–51.
[8] I. Castro, F. Urbano. New examples of minimal Lagrangian tori in the complex projective plane //
Manuscripta Math. 1994. V. 85. P. 265–281.
[9] N.M. Ercolani, H. Kno¨rrer, and E. Trubowitz. Hyperelliptic curves that generate constant mean
curvature tori in R3. In Integrable Systems (Lumini 1991), V. 115 of Progr. Math., P. 81–114, 1993.
[10] I.M. Krichever. Algebraic–geometric n-orthogonal curvilinear coordinate systems and the solution
of associativity equations // Funct. Anal. Appl. 1997. V. 31. N. 1. P. 32–50.
[11] A.E. Mironov, I.A. Taimanov. Orthogonal curvilinear coordinate systems corresponding to singular
spectral curves // Proceedings of the Steklov Institute of Math. 2006. V. 255. P. 169-184.
Sobolev Insitute of Mathematics and Novosibirsk State University, 630090 Novosibirsk,
Russia
E-mail address: mironov@math.nsc.ru
